BRST-resolution for 
Principally Graded Wakimoto module of 3(2 



Yuji Hara, Naihuan Jing, Kailash Misra 

Department of Mathematics, North Carolina State University, 
Raleigh, NC 27695, USA 



Abstract 

BRST-resolution is studied for the principally graded Wakimoto 
module of recently found in ||. The submodule structure is com- 
pletely determined and irreducible representations can be obtained as 
the zero-th cohomology group. 
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1 Introduction 



Free field representation of infinite dimensional Lie algebras is a way to con- 
struct representations concretely. It also enables us to compute important 
quantities in representations. A well known example is solutions for the 
correlation functions in the Conformal Field Theory p|P]. 

Among many free field representations, the Feigin-Fuchs construction 
for the Virasoro algebra [GJ and the Wakimoto representations for affine Lie 
algebras (l^] || are special in the sense that they can be used to realize repre- 
sentations of generic level. For generic highest weights, they are isomorphic 
to the Verma modules. When they are reducible, the irreducible represen- 
tations are obtained by means of the BRST-cohomology Complete 
description of their submodule structures are also given with Jantzen filtra- 
tion technique [||. 

Recently the Wakimoto representation in the principal gradation was 
found for the first time for SI2 in ||. In this paper, we study the submod- 
ule structure and relation to irreducible representations of this Wakimoto 
representation using the same technique used in the above studies. Since 
discussions and results are parallel to the preceding cases, we concentrate 
on the speciality of this Wakimoto representation in proofs. Theorem || is 
about submodule structure and the BRST-resolution is given in Theorem ||. 

2 Principally graded Wakimoto module of 5I2 

In this section, we briefly recall 5(2 and its Wakimoto representation in the 
principal gradation, for detail see ||. 

The affine Lie algebra SI2 in the principal gradation consists of the gen- 
erators ft n ,x n ,c,p which satisfy the following relations: 

c : central, 

[p, p n ] = nP n , [p, x n ] = nx n , 

[Pm-iPn] = mc&m+nfl, 
mi %n\ — 2x m ^ n , 

[x m ,Xn] = -2(-l) m p m+n + mc(-l) m 5 m+nfi . 
We introduce currents P((),x(() as 
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Let us introduce three kinds of bosonic currents 

MO = - E — c\ 

n:odd 

mo = - E ^r n +^,oinc+g, 



n:cven 



2 (c) = - E — c" n > 



n 

n:odd 

with commutation relations 

[<t>o,m, <f>o,n] = +(1 - (-l) m )2km5 m+n fi, 
[0i,m, 0i,n] = +(1 + (-l) m )2(A: + 2)m5 m+nfi , 
[<l>2,m,h,n] = -(1 - (-l) m )2km5 m+nfl , 
[0i,o,g]=4(fc + 2). 

Fock spaces are constructed on the vacuum vector fo as 

0«,n^o = for n > 0, 

= exp (2(3bT2) 9 ) 1/05 

= C[0i _ 2 , 01,-4 • • • 00,-1, 00,-3 • • • 02,-1, 02,-3 ' ' ' \Vj, 

We denote by d : Tjj. — > Tj^ the grading operator 

2j 2 _|_ ^, 

[d,(j>i,n] = -n0i,n, [d,q] = 01,0, = 4( fc + 2 ) l/ J- 

Then the Wakimoto representation (7r,-, is given by the following Theo- 
rem ||. 

Theorem 1. Lei j, 6e complex numbers with k ^ 0, —2. T/tera i/ie follow- 
ing gives a level k representation of SI2 on i/ie FocA; space 



^(^(O) = oC50o(C), (i) 



^ (*(C)) = ~ : (C50i(C) + C50 2 (C)) e^+^ :, (2) 
7r,-(c) = k, -Kj(p) = -d. (3) 
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This representation is the highest weight in the sense that 
j3 n Vj = 0, x n Uj = for n > 0, 

XOVj =JVj. 

The highest weight is 

A *7A iA UYA A^ { 2 j(j + ^ + 2) + k(k + 3)} 

A, = 2 (Ai + A ) + j (Ax - A ) 5, (4) 

where Aq, Ai are the fundamental weights of sfo and 5 = ato + a\. 



3 Main results 



Here and henceforth, we assume k + 2 = p/p' where p,p' are positive integers 
relatively prime to each other. The following notations are frequently used 



J, 



m — m'(k + 2), 

3m.m' ' 



A, 



A,- 



Among reducible Fj's, the case we study in this paper is when j = 

Jm±lp, m'+l/2 

I G {0} n N, 1 < m < p - 1, < m' < p' - 1. (5) 

For the Verma module V(A m=Up)m / +1 /2) having the same highest weight, 
this is the condition to be completely degenerate i.e the structure of Verma 
module is described by the following diagram f|]|ll]: 




S-l 



8-2 



S-3 



S-4 



(6) 



where denotes a singular vector. Throughout this paper, an arrow goes 
from one vector to another if and only if the second vector is in the s^- 
submodule generated by the first one. Weights of st are given as follows: 



weight (s_ 2 j+i) = A_ 



■m+(l+2i)p, m'+l/2j 



i G N, 



weight(s_2i) = Ki-(l+2i) P ,m'+l/2, i G N, 

Weight(s 2 i) = ^m+(l+2i)p,m'+l/2, i G N, 

weight(s 2i +i) = A_ m _ (/+ 2i) p>m / + i/2, i G {0} D N. 
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Using the screening current S(Q introduced in Q, a screening charge 
Q n is defined as 



(7) 



Q n = [ fl^-s(c 1 )s(c 2 )---s(c n ), 

JC i=l Si 

S(0 = ■ 0MC)e-^ : • (8) 

The contour C is the same one used for the screening charge in |7| where v i 
there should be replaced with Q. The operator Q n is well defined on T m ^ m i 
when 

n = m mod p, 
and an intertwiner of Fock modules: 

Q • m,m' * -F m,—2n,m'i 

[Q n ,a] =0 for Va€5[ 2 . 



Proposition 1. The Fock module J r m ±ip im '+i/2 with (|5|) has singular vec- 
tors Ui, i £ N and cosingular vectors u>i, i € {0}UN. Their weights coincide 
with the weights of si S V(A m _ m / +1 / 2 ) cls 

weight(ui) = weight (s_2i+i), (9) 
weight (wi )= weight (s 2 i+i). (10) 



This is the complete list of all singular and cosingular vectors in the module. 

Proof. First we show the existence of cosingular vectors. Let J-* be the 
restricted dual of Tj and u> be the Chevalley involution: 



w(A0 = P- 



_ n , n : even, 
-X-n, n : odd. 



We define the contragradient representation of s\ 2 : (ir*,^*) as 

(ir*(a)v*,v) = —(v*,TTj (uj(a)) v), a G s^. 

Throughout this proof v,v* denote arbitrary vectors of Tj,!F*. Then there 
is a one to one correspondence between singular (cosingular) vectors in J-j 
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and cosingular (singular) vectors in such that vectors in a pair have the 
same weight. 

Hence we study the singular vectors in T* . The space T* can be regarded 
as a Fock space as 

T* = C[Vl,-2>Vl,-4 • •• Vo,-l,Vo,-3 • • • V2-I, * 02,-3 • • 
(Vi,n«*,«) = (v*,<t>i, n v). 

Let a be the automorphism which changes — 1 index of the Chevalley 
generators of sfe: 

0-(/3n) = Ai> o"(z n ) = -x n . (11) 

Set Tr'_j = ttj off, then (w' -,^-) is another Wakimoto representation with 
the highest weight A_j. 

Then we define an isomorphism tp : (ir'pT-j) — > (tt^Tj) by 

p(&,„) = (-1) 4 X *0i,n, (12) 
^(^(a)) = (vr* (a)) (a G (13) 

The last equation comes from 

(ip (ir'j(a)) v*,v) = -{v*,TTj (u(a))v) = (it* (a)v* , v) . 

With this if a singular vector in (-Kj, F-j) can be mapped to a singular vector 
of the same weight in (ir* , T*A . 

Singular vectors in W m± i Ptml+l /2^-m^lp -m'-l/l) can be constructed 
explicitly with screening charges. Denoting the highest weight vector of 

m'+i/2 by v(m), 

is a singular vector in Fm+fam'+ifa ^ 6 N. To verify that the vector ( |T^ ) is 
non-vanishing, we checked that the matrix element 

(u*(m + Ip), (0 2 ,_ 2K+ i/2) + 2(/w)" m+ ^ Q W ~ m »« 2i + Op - m )>, 

is non-zero by using a formula in Appendix A of Q. Note that the quantity 
m' + 1/2 makes the subscript —2(m' + 1/2) + 2(1 + i)p' be odd. 
By the same argument, 

Q(i+i) P -m u ((2i + l)p- m ), i 6 N, (15) 
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is a singular vector in F m -lp,m'+X/2i Z € N. In i^' m ^ ml+ x/ 2 ^-m^lp-m'-l/2) 
vectors (|l4|),(|l5|) are singular vectors of the weight A_ m _A +2 i)p,m'+l/2> * G 
{0} fl N and this proves existence of W{ and ( ^0[ ) . 

To conclude all cosingular vectors in {^ m ±i P ,m'+i/2i ^mHp,m' +1/2) are 
given by the argument above, we study the determinant det C(N,j). The 
matrix C(N,j) connects the elements of U (sl^jvj and monomials of J-j at 
the degree N e.g. 

f'?)=C(l,i)x (16) 

If we look at det C(N,j) as a polynomial of j, its zero of the first degree for 
the smallest ./V corresponds to a cosingular vector of (ttj , Tj ) of the degree 
N. 

Lemma 1. Let g(N) denote the number of monomials of the degree N in 
U(sl2), then 

det C(NJ) = const, x ]J (j - j r>a/i y^'\ (17) 

r>l 
s=l,3,5- 
rs<N 

Proof. The cosingular vectors wq of (^ r ,s/2^r,s/2) gi ye RHS as a divisor of 
det C(N,j). The order of det C(N,j) is the number of x n (n:odd) in the 
LHS of (U), which is given by ^2k = o f(N, k)k where f(N,k) is defined by 
the polynomial of indetermimates x, y as 



N 

, , - V" 

11 (1 - x a )(l - yx 2 ^ 1 ) 
a>l v >\ v > N>0k=0 

And this order coincides with the order of RHS from the following identity: 



TT —L = YYf(N,k)y k x N . 

11 l-x a ) l-yx 2a - 1 ) Z-^Z-^ )y ' 



^2^Tf{N,k)kx N - 1 _ r a II Fj _ T 6V1 _ r 2b-l\ 

N>0k=0 a=l,3,5- X 6>1 1 1 ^ 1 j 

= E E 5^-^. 

7V>0 r>l 
s=l,3,5- 
rs<N 



□ 
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Prom this lemma, we can see that detC(N,j m ±fa m i+i/2) has zeros of 
the first degree only at N = 2(m + (I + i)p)(m' + 1/2 + ip') and iV = 
2(m + ip)(m' + 1/2 + (z + respectively. Since these zeros correspond 
to Wi , there is no cosingular vector other than Wi . This ends the proof for 
cosingular vectors Wi. 

Using similar argument, we can also find all the cosingular vectors in 
C^miZp' ■F-m^ip-m' -1/2) an d this proves that all singular vectors are given 
by Ui and (|). □ 

Remark 1. The idea of using a is used in |j. 

Remark 2. In the homogeneous gradation case, the automorphism a does 
not work well on the (3 — 7 system. The bosonization given in []|] is much 
more suited to prove the similar proposition. 

Theorem 2. The submodule structure of T m ±[ p tm '+i/2 given by (||) 

00 

(1) The space of singular vectors in J- m ±i P)m i + i/ 2 is Q)Cui. They generate 

1 

a submodule «5^ r m± ^ !m / +1 / 2 which is a direct sum of irreducible highest 
weight modules. The quotient = F m ±i p , m > +1/2 /SF m ±ip jTn > +1/2 

contains infinitely many singular vectors Vi (i £ Z, weight = 

00 

weight(s2i)). The space of singular vectors in f [1] is ®Ct>j and they 

—00 

generate a submodule SJ-[1] which is also a direct sum of irreducible 

highest weight modules. Finally, the space of singular vectors in J- [2] = 

00 

^"[lJ/sS^fl] is the projection of 0Ctfj and ^[2] is a direct sum of 



irreducible highest weight modules. 

(2) Every submodule of ^F m ±ip,m' +1/2 i s generated by vectors Ui, w-i and 

Vi. 

(3) The structure of the module J~m±ip,m' +1/2 is described by this diagram 




S 



Proof. In the case of the homogeneous gradation [g], to prove the same 
theorem the explicit form of Wakimoto construction is used only to show 
the existence of singular and cosingular vectors in Prop. 4. 5. Since their 
existence is proved in Prop.|l] in our case, the theorem can be proved using 
the same argument. □ 



Theorem 3. 

(1) If 1 < m < P — 1 and < m! < p' — 1 then the following infinite 
sequence 



Qm -1 QP~ m Q m 1 



"jp — m 



is a comp/ex Q p " m Q m = Q m QP~ m = 0. 

/fe zero-th cohomology group is isomorphic to the irreducible highest 
weight module £(A mjm / +1 / 2 ) of the highest weight A mm , + i: 



H 



+1/2), « = o, 
0, i / 0. 



Proof. This is proved by the same argument given in Section 4 of Q. Note 
that as operators neither Q p ~ m Q m nor Q m Q p ~ m are zero but ImQ m C 
Ker<5 p_m and ImQ p ~ m C KeiQ m hold on the Fock modules. 

For (2), let S' : V(Aj) — > J- a be the canonical homomorphism and mod- 
ules Vi,V-i,M VQ ,M Ul be submodules generated from si, s_i, i?o, iti in dia- 
grams (D©. Properties of the map S" are known in the proof of Theorem 
H with the Jantzen filtration and we can show 

L(A m ,m'+i/2) k 5' (F(A mim , +1/2 )/(F! + F_i)) ^ M„ /M U1 ~ KeiQ m /ImQ?- 

□ 
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